
Schwichtenberg-style lambda de�nability is undecidable.Jan Maolepszy, Magorzata Moczurad, Marek ZaioncComputer Science Department, Jagiellonian University,Nawojki 11, 30-072 Krakow, PolandE-mail fmadry, maloleps, zaioncg@ii.uj.edu.plManuscript version, June 1996Abstract: We consider lambda de�nability problem over an arbitrary free algebra. There is a naturalnotion of primitive recursive function in such algebras and at the same time a natural notion of a �-de�nable function. The paper answers the following question: for a given free algebra and a primitiverecursive function within this algebra decide whether this function is lambda de�nable. The paper showsthat the question is undecidable if the algebra is in�nite. The main part of the paper is dedicated to thealgebra of numbers in which lambda de�nability is described by the Schwichtenberg theorem. The resultfor an arbitrary in�nite free algebra has been obtained by a simple interpretation of numerical functions asrecursive functions in this algebra. This result is a counterpart of the distinguished result of Loader [7] inwhich lambda terms are evaluated in �nite domains for which undecidability of �-de�nability is proved.1 Simple typed �-calculusWe shall consider a simple typed lambda calculus with a single ground type O. The set TY PESis de�ned as follows: O is a type and if � and � are types then � ! � is a type. By type �k ! �we mean the type � ! (:::! (� ! �):::) with exactly k occurrences of �: For k = 0, �0 ! � is �:For any type � there is given a denumerable set of variables V (� ). Any type � variable is a type �term. If T is a term of type � ! � and S is a type � term, then TS is a term which has type �. IfT is a type � term and x is a type � variable, then �x:T is a term of type � ! �. The axioms ofequality between terms have the form of �� conversions and the convertible terms will be writtenas T =�� S. A closed term is a term without free variables. For more detailed treatment of typedlambda calculus see [12].2 Free AlgebrasAlgebra A given by a signature SA = (�1; :::; �n) has n constructors c1; :::cn of arities �1; :::; �n;respectively. Expressions of the algebra A are de�ned recursively as a minimal set such that if�i=0 then ci is an expression and if t1; :::; t�i are expressions then ci(t1; :::; t�i) is an expression.We may assume that at least one �i is equal to 0; otherwise the set of expressions is empty. Let Abe the set of all expressions in algebra A. We are going to investigate mappings f : Ak ! A: Anyconstructor can be seen as a function ci : A�i ! A: Let ~x be a list of expressions x1; :::; xk andf1; :::; fn be functions of arity k+�i; respectively. A class X of mappings is closed under primitiverecursion if the (k + 1)-ary function h de�ned byh(ci(y1; :::; y�i); ~x) = fi(h(y1; ~x); :::; h(y�i; ~x); ~x) for all i � n1



belongs to X whenever functions f1; :::; fn are in X . In the case when �i=0 the equation is reducedto h(ci; ~x) = fi(~x). Let us distinguish the following operations: pki is the k-ary projection whichextracts i-th argument, i.e. pki (x1; :::; xk) = xi and Cki is k-ary constant function when �i = 0 whichmaps constantly into expression ci; i.e Cki (x1; :::; xk) = ci. The class of primitive recursive functionsover algebraA is de�ned as a minimal class containing constructors, projections, constant functions,and closed under composition and primitive recursion. The subclass FA0 of primitive recursivefunctions is a minimal class containing projections, constructors, and closed under composition.The subclass FAk for k � 0 is a class of all (k+p)-ary functions f on A such that for all expressionsE1; :::; Ep 2 A the function p de�ned as p(x1; :::; xk) = f(x1; :::; xk; E1; :::; Ep) belongs to FA0 . Thisincludes a case when k = 0; which means that FA0 is a set of constant 0-ary constructors. Theclass FA� is a minimal class containing constructors, projections, constant functions, and closedunder composition and the following limited version of primitive recursion: if fi 2 FA� \ FA�i fori � n then the function h obtained from fi by primitive recursion belongs to F�.We are going to give more attention to the algebra of natural numbers N based on the signature(0; 1). Traditionally two constructors of the algebra N are called 0 (zero) and s (successor). Theclass of primitive recursive functions over N is the least one containing the constant zero function,successor, and closed under composition and the following form of primitive recursion:h(0; ~x) = f1(~x)h(s(y); ~x) = f2(h(y; ~x)); ~x)In addition, we will discuss �nite algebras An based on the signature (0; :::; 0). Algebra An consistsof a �nite number of expressions c1; :::cn. It is easy to observe that every function on An is primitiverecursive.3 RepresentabilityIf A is an algebra given by a signature SA = (�1; :::; �n) then by �A we mean a type (O�1 !O); . . . ; (O�n ! O) ! O. Assuming that at least one �i is 0 we get that type �A is not empty.There is a natural 1-1 isomorphism between expressions of the algebra A and closed terms of type�A. If ci is a 0-ary constructor in A then the term �x1:::xn:xi represents ci. If �i > 0 andt1; :::; t�i are expressions in A represented by closed terms T1; :::; T�i of type �A,then expressionci(t1; :::; t�i) is represented by the term �x1:::xn:xi(T1x1:::xn)::::(T�ix1:::xn). Thus, we have a 1-1correspondence between closed terms of the type �A and A. In fact any rank 2 type � representssome free algebra A: If additionally � is non-empty (there are some closed terms of type � ) thenthe algebra A is non-empty. The unique (up to ��-conversion) term which represents an expressiont is denoted by t.De�nition 3.1 A function h : An ! A is �-de�nable by a closed term H of type (�A)n ! �Ai� for all expressions t1; :::; tn Ht1 . . . tn =�� h(t1; :::; tn):It is easy to observe that any closed term H of the type (�A)n ! �A uniquely de�nes the functionh : An ! A as follows: if t1; :::; tn are expressions then the value is an expression represented bythe term Ht1; . . . ; tn. On the other hand, one function can be represented by many unconvertibleterms.For the algebra of natural numbers N = (1; 0) the type �N = (O ! O) ! (O ! O) is called theChurch numerals type. In this case the natural isomorphism identifying closed terms of the type2



�N with expressions of the algebra N (non-negative integers) is such that for a number n 2N then is the closed term �ux:u(:::(ux):::) with exactly n occurrences of variable u.De�nition 3.2 Function f : Nk ! N is �-de�nable by a closed term F of type N k ! N i�for all numbers n1; :::; nk Fn1:::nk =�� f(n1; :::; nk)The following characteristics of lambda de�nable functions has been proved.Theorem 3.3 (Schwichtenberg [8] and Statman [9]) �-de�nable functions on N are just compo-sitions of 0, 1, addition, multiplication, sq and sq wheresq(x) = � 0; if x = 01; if x 6= 0 sq(x) = � 1; if x = 00; if x 6= 0Theorem 3.4 (Zaionc [14] and Leivant [6]) �-de�nable functions on algebra A are just functionsfrom the class FA�Theorem 3.5 (Zaionc [13]) Every function on a �nite algebra is �-de�nable.A much stronger version of this, covering also all functionals of �nite type, is proved in [13].4 Reconstruction of the polynomialsThe aim of this section is to show the possibility of reconstructing extended polynomials from the�nite set of appropriate examples. This problem has been stated by Bharat Jayraman for thepurpose of extracting programs written in the form of lambda terms from the �nite number ofcases of the behavior of those programs. (for example see [2], [3]). In this technique for programextraction Huet uni�cation procedure is used. See also the programming by examples paradigm in[5], [4]. In the case of reconstructing polynomials some partial solution was obtained by KannanGovindarajan in [1].In this section we will demonstrate two theorems. The �rst one is concern with standard poly-nomials (composition of addition and multiplication) of k variables. It is proved that only twoexamples are needed to determine the polynomial. For more general case concerning extended po-lynomials (composition of addition, multiplication, sq and sq ). it is proved that 2k+1�1 examplesare necessary and su�cient for extraction.De�nition 4.1 By the set of polynomials we mean the least set of functions from Nk to N con-taining all projections, constant functions, addition and multiplication closed for composition.By the set of extended polynomials we mean the least set of functions from Nk to N containing allprojections, constant functions, addition, multiplication and additionally sq and sq (see theorem 3.3for de�nition ) closed for composition. 3



De�nition 4.2 An extended polynomial f :Nk !N is determined by the �nite set of p examplesf( ~x1; y1); :::; (~xp; yp)g; where ~xi 2Nk and yi 2N for all i � p; if� f(~xi) = yi for all i � p� if for some extended polynomial g :Nk !N g(~xi) = yi for all i � p then f = g:De�nition 4.3 A �nite set X � Nk � N is called a determinant if some extended polynomialf : Nk !N is determined by X .De�nition 4.4 We are going to use the standard normal form notation for polynomials withpositive integer coe�cients. Every polynomial f : Nk ! N has a unique representation in thefollowing normal form:1. k = 1 f(x) = mXi=0 �ixi, where �i 2 N | polynomial coe�cients2. k > 1 f(~x; xk) = mXi=0 �i(~x)xik;where �i 2 (Nk�1 ! N ) | polynomials in normal form.Lemma 4.5 Given polynomial f(x1; . . . ; xk) =Pmi=0 �i(x1; . . . ; xk�1)xik. If a point (a1; . . . ; ak) 2Nk satis�es the following condition:80 � i � m ak > �i(a1; . . . ; ak�1)then there is an algorithm to �nd out the values �i(a1; . . . ; ak�1), i = 1; . . . ;m from the value ofthe polynomial at the point (a1; . . . ; ak):Proof. Let W = f(a1; . . . ; ak). Because 80 � i � m ak > �i(a1; . . . ; ak�1), the values�i(a1; . . . ; ak�1) can be computed as the digits of W in the number system with base ak: Wis divided by ak until 0 is reached, and the computed reminders are the values �0(a1; . . . ; ak�1);�1(a1; . . . ; ak�1);. . . . 2De�nition 4.6 For the given total computable function f :Nk !N we de�ne numbers Df ; Ef 2N and linear function Mf : N ! N by: Df def= f(2; . . . ; 2); Ef def= dlog2Df e ; Mf (x) def=DfxEf +Df :Lemma 4.7 For every polynomial f : Nk ! N the following holds:1. Df is greater or equal to the sum of all the coe�cients of the polynomial f in the long normalform, and thus greater or equal to each coe�cient of f .2. Ef is greater or equal to the degree of f (the largest sum of the exponents in the long normalform of the polynomial). 4



3. 8x1; . . . ; xk f(x1; . . . ; xk) � f(xmax; . . . ; xmax) �Mf (xmax),where xmax = max1�i�kfxig:Proof.1. Let �j be the subsequent coe�cients of f (coe�cients of the monomials in the long normalform of f). Then Df = f(2; . . . ; 2) =Xj �j2ej �X�j � �i 8i2. Assume by contradiction that Ef is smaller than the degree of f . It means that f has (inthe form of sum of monomials) the component �xe11 � � �xekk , such that � > 0,Pki=1 ei > Ef .Then Df = f(2; . . . ; 2) > 2Ef which contradicts Df � 2Ef (from the de�nition of Ef ).3. Let �j be the subsequent coe�cients of f . The inequality8x1; . . . ; xk f(x1; . . . ; xk) � f(xmax; . . . ; xmax)follows from the fact that every polynomial is monotonic. The second inequality8x f(x; . . . ; x) �Mf (x)is a consequence of the following :8x f(x; . . . ; x) =Pj �jxej � �Pj �j�xEf + �Pj �j� �DfxEf +Df = Mf (x) 2Lemma 4.8 Given polynomial f : Nk ! N . If the point (a1; . . . ; ak) 2 Nk satis�es two condi-tions:1. a1 > Df2. 82 � i � k ai > Mf (ai�1)then there is an algorithm to extract values of all the coe�cients of the polynomial f from the valueof f for (a1; . . . ; ak).Proof. Induction on the number of polynomial arguments.1. k = 1From the condition 1. and the lemma 4.7 it comes that f and a1 satisfy the condition of thelemma 4.5. From the lemma 4.5, the values of all the coe�cients of the polynomial f can becomputed from the value of f for a1.2. k > 1Assume that the lemma holds for all (k�1)-argument polynomials. Represent f in the shortnormal form: f(x1; . . . ; xk) = mXi=0 �i(x1; . . . ; xk�1)xik5



The condition 2. for i = k implies that f and (a1; . . . ; ak) satisfy the condition of thelemma 4.5: ak > Mf (ak�1) � f(ak�1; . . . ; ak�1) � f(a1; . . . ; ak�1; ak�1) ==Pmi=0 �i(a1; . . . ; ak�1)aik�1 � �j(a1; . . . ; ak�1) 80 � j � mWe can see that the point (a1; . . . ; ak) 2 Nk satis�es the condition of the lemma 4.5: The-refore the values of the polynomial �j for (a1; . . . ; ak�1) can be obtained from the value off at (a1; . . . ; ak) using the algorithm proposed in lemma 4.5. To compute the values of allthe coe�cients of the polynomial f it su�ces to compute the values of all the coe�cients ofthe polynomials �j from the values of �j at (a1; . . . ; ak�1). The polynomials �j are (k� 1)-argument polynomials, so the induction assumption can be used. It is now su�cient to showfor each j = 0; . . . ;m that �j and (a1; . . . ; ak�1) satisfy the conditions of the lemma:(a) a1 > D�jcomes from: a1 > Df = mXi=0D�i2i � D�j(b) 82 � i � k � 1 ai > M�j (ai�1)comes from: Df � D�j ) Ef � E�j ) Mf (x) �M�j (x)82 � i � k � 1 ai > Mf (ai�1) �M�j (ai�1)For each j = 0; . . . ;m, �j and (a1; . . . ; ak�1) satisfy the conditions of the lemma 4.5, sothe values of all the coe�cients of the polynomials �j (which are in fact coe�cients of thepolynomial f) can be computed from the values of �j for (a1; . . . ; ak�1) and thus the values ofall the coe�cients of the polynomial f can be computed from the value of f for (a1; . . . ; ak).2Theorem 4.9 There exists an algorithm that, for an arbitrary k-argument (k 2 N) polynomial f ,extracts the values of all the coe�cients of f from the values of f at two vectors of arguments:1. (2; . . . ; 2),2. (a1; . . . ; ak), where a1; . . . ; ak are obtained from the value f(2; . . . ; 2) according to the algori-thm presented in lemma 4.8, i.e.:a1 = Df + 1ai = Mf (ai�1) + 1 for i = 2; . . . ; k:Proof. The following algorithm can be used to compute the values of all the coe�cients of f :1. Compute the value of f for (2; . . . ; 2).2. Compute Df , Ef and Mf . 6



3. Compute the arguments a1; . . . ; ak satisfying the conditions of lemma 4.8.4. Compute the value of f for (a1; . . . ; ak).5. Using the method from lemma 4.8 compute the values of the coe�cients of f . 2Lemma 4.10 Let f be a polynomial such that f 6� 0. There is no algorithm to extract the valuesof all the coe�cients of f from the single value of the polynomial f .Proof. It can be easily seen that for an arbitrary k-argument (k � 1) polynomial f 6= 0and an arbitrary set of arguments (a1; . . . ; ak), there always exists such a polynomial g that:g(a1; . . . ; ak) = f(a1; . . . ; ak) and g 6= f . Thus, the set (a1; . . . ; ak) does not determine f , and thecoe�cients of f cannot be obtained from the value of f for (a1; . . . ; ak): 25 Reconstruction of the extended polynomialsLemma 5.1 For every �; � 2 N the following holds:sq(sq(�)) = sq(�)sq(sq(�)) = sq(�)sq(� � �) = sq(�) � sq(�)sq(�+ �) = sq(�) � sq(�) + sq(�) � sq(�) + sq(�) � sq(�)sq(sq(�)) = sq(�)sq(sq(�)) = sq(�)sq(� � �) = sq(�) � sq(�) + sq(�) � sq(�) + sq(�) � sq(�)sq(�+ �) = sq(�) � sq(�)sq(�) � sq(�) = sq(�)sq(�) � sq(�) = 0sq(�) � sq(�) = sq(�)sq(�) � � = �sq(�) � � = 0sq(�) + sq(�) = 1Proof. All the properties above can be easily proved from the de�nition of sq and sq (see thetheorem 3.3). 2Lemma 5.2 Every extended polynomial f : Nk ! N has a unique representation in the followingnormal form: f(x1; . . . ; xk) = XZ2P(f1;...;kg) fZ(x1; . . . ; xk)SQZ (x1; . . . ; xk);whereSQZ(x1; . . . ; xk) def= Qi2Z sq(xi)Qj 62Z sq(xj)fZ { polynomials of the arguments xi for i 2 Z (in the normal form).7



Proof. (Existence) It can be seen from the lemma 5.1 that every extended polynomial can berepresented as a sum of the products of the form:a � xe1i1 � � �xepip � sq(xip+1 ) � � �sq(xiq) � sq(xiq+1) � � � sq(xir ), where8� i� 2 f1; . . . ; kg; 8� 6= � i� 6= i� ; r � k; a; ei 2 N; i = 1; . . . ; pThus every extended polynomial can be represented as a sum of the products of the form:a � xe1i1 � � �xepip � SQZ (x1; . . . ; xk), wherei1; . . . ; ip 2 Z(Uniqueness) The above representation is unique for the given extended polynomial f , i.e. if thereare two representations of that form of the extended polynomial f , the representations are identical(all the coe�cients in that representations are the same). Assume that the extended polynomialsg = f have the normal forms:f(x1; . . . ; xk) = XZ2P(f1;...;kg) fZ(x1; . . . ; xk)SQZ(x1; . . . ; xk)g(x1; . . . ; xk) = XZ2P(f1;...;kg) gZ(x1; . . . ; xk)SQZ(x1; . . . ; xk)8x1; . . . ; xk f(x1; . . . ; xk) = g(x1; . . . ; xk) )8x1; . . . ; xk8Z 2 P(f1; . . . ; kg) fZ(x1; . . . ; xk) = gZ(x1; . . . ; xk)Since fZ and gZ are standard polynomials over the same variables in normal form, they areidentical. Thus there is only one representation of f in the normal form. 2Example 5.3 The extended polynomialf(x; y) = 2(xy + y2)x + 3x2(1 + y)sq(y) + xyhas the normal form:f(x; y) = ((x+ 2x2)y + (2x)y2)SQf1;2g(x; y) + (3x2)SQf1g(x; y):Lemma 5.4 Let f be an extended polynomial in normal form:f(x1; . . . ; xk) = XZ2P(f1;...;kg) fZ(x1; . . . ; xk)SQZ(x1; . . . ; xk)Let Y 2 P(f1; . . . ; kg) be a set of indices and (y1; . . . ; yk) 2 Nk be a point such that yi 6= 0, i 2 Y:Then: f(y1; . . . ; yk) = fY (y1; . . . ; yk)Proof. Straight from the de�nition of SQZ functions. 2De�nition 5.5 For every computable total function f : Nk ! N de�ne the set Detf � Nk+1which consists of 2k+1 � 1 tuples:� one tuple (0; :::; 0; f(0; :::;0))� for every non-empty set Z � f1; :::; kg two tuples8



1. (yZ1 ; . . . ; yZk ; f(yZ1 ; . . . ; yZk )) where yZi = � 0; if i 62 Z2; if i 2 Z2. (aZ1 ; . . . ; aZk ; f(aZ1 ; . . . ; aZk )) where aZ1 = DfZ + 1 and aZi = MfZ (aZi�1) + 1(see the de�nition of fZ in lemma 5.2 and DfZ and MfZ in de�nition 4.6).Theorem 5.6 There is an algorithm that for an arbitrary k-argument (k 2 N) extended polyno-mial f computes the values of all the coe�cients of f from the values of f at (2k+1�1) points andat the same time computes the deferminant set Detf for f :1. 2k sets (y1; . . . ; yk), where yi 2 f0; 2g2. (2k � 1) sets (aZ1 ; . . . ; aZk ), where Z 2 P(f1; . . . ; kg), and aZ1 ; . . . ; aZk can be computed fromthe values of f for the sets of arguments (yZ1 ; . . . ; yZk ), whereyZi = � 0; if i 62 Z2; if i 2 Zaccording to the conditions of lemma 4.8, i.e.:aZ1 = DfZ + 1aZi = MfZ (aZi�1) + 1 for i = 2; . . . ; k:Proof. The following algorithm can be used to compute the values of all the coe�cients of f :1. For Z = �(a) Compute the value of f for the set (0; . . . ; 0).(b) This value is the value of the only coe�cient of fZ .2. For every Z 2 P(f1; . . . ; kg), Z 6= �(a) Compute the value of f for the set (yZ1 ; . . . ; yZk ), whereyZi = � 0; if i 62 Z2; if i 2 Z(b) Compute DfZ , EfZ and MfZ .(c) Compute the arguments aZ1 ; . . . ; aZk satisfying the conditions of lemma 4.8.(d) Compute the value of f for the set (aZ1 ; . . . ; aZk ).(e) Using the method from lemma 4.8 compute the values of the coe�cients of fZ .It is clear from the construction above that the set Detf is a determinant set for f: 2Lemma 5.7 There exist the (k)-agument extended polynomials whose coe�cients cannot be com-puted from less than (2k+1 � 1) sets of arguments.Proof. Consider an arbitrary (k)-agument extended polynomial f such that:f(x1; . . . ; xk) =PZ2P(f1;...;kg) fZ(x1; . . . ; xk)SQZ(x1; . . . ; xk);where 8Z 2 P(f1; . . . ; kg) fZ 6= 0Assume that there exists a set E of less than (2k+1 � 1) examples determining polynomial f .9



1. (0; . . . ; 0) 2 E. Then value of f� is not known and the values of f� coe�cients cannot becomputed.2. (0; . . . ; 0) 62 E. Then, for some Y 2 P(f1; . . . ; kg); there exists in E at most one examplewith the arguments (y1; . . . ; yk) such that yi 6= 0 , i 2 Y . Thus at most one value of fY isknown, so by lemma 4.10 the values of fY coe�cients cannot be computed. 2Theorem 5.8 There exists an algorithm that takes any computable total function f : Nk !N asits input (in the form of the Turing machine or in the form of the system of recursive equationsetc.) and e�ectively produces the unique extended polynomial f� such that values of f and f� areidentical on 2k+1 � 1 elements of the determinant set Detf or prints an information that there isno extended polynomial f� identical with f on the set Detf .Proof. For the purpose of constructing f� we consider the same algorithm as presented in theorem5.6. De�ne the set Detf by examining the values of f at the set of 2k+1�1 tuples of arguments. Byapplying the algorithm described in theorem 5.6 we extract all the coe�cients of f� which crossesthe set Detf . In fact only 2k points (about half) from Detf are used to compute the coe�cients ofthe extended polynomial f�. When extended polynomial f� is established, determine if values off� are the same as f on Detf . If the answer is Y ES then extended polynomial f� is returned. Ifthe answer is NO then our algorithm prints an information that there is no extended polynomialf� which coincides with f on Detf . Let us call POLY the procedure describe above.Example 5.9 Application of the procedure POLY to the function f(x; y) = yx + x+ 1.Using construction from 5.8 we construct the following extended polynomial. For the set Z1 =f1; 2g we get f(2; 2) = 7 therefore DZ1 = 7; EZ1 = 3; MZ1(x) = 7x3 + 7. Consequently we needto compute f(8; 3591) = 35918 + 9. So the polynomial we get is f�Z1 (x; y) = y8 + x+ 1. The samemust be done for sets Z2 = f1g and for Z3 = f2g. Finally we obtain that f�Z2(x; y) = x + 1 andf�Z3(x; y) = 2 so the total con�guration for the function f� in normal form isf�(x; y) = (y8 + x+ 1)sq(x)sq(y) + (x+ 1)sq(x)sq(y) + 2sq(x)sq(y) + sq(x)sq(y)and the determinant set Detf isf(0; 0; 1); (2; 2; 7); (8;3591; 35918+ 9); (2; 0; 3); (4; 0;5); (0; 2; 2); (0; 3; 2)gOf course, the extended polynomial f� and function f must agree on the following subset of Detff(0; 0; 1); (8; 3591; 35918+ 9); (4; 0; 5); (0; 3;2)gSince on some other points fromDetf functions f and f� do not agree, the result of the procedurePOLY is to print a message that there is no extended polynomial f� which coincides with f onDetf .6 Main resultTheorem 6.1 Decidability of two following problems is equivalent.1. For a given total primitive recursive function f : Nk ! N decide whether or not 8~x 2Nk f(x) = 0. 10



2. For a given primitive recursive function f :Nk !N decide whether or not f is an extendedpolynomial.Proof. (1 ! 2) Suppose the f � 0 problem is decidable. Let Q be a procedure accepting it.We construct an algorithm to recognize if f is an extended polynomial. The algorithm takes thefunction f given by a set of recursive equations as its input. Function f is sent to the procedurePOLY which generates the set Detf and extended polynomial f� in normal form which is identicalwith f on the set Detf if such extended polynomial f� exists. At this stage the extended polynomialf� is given. Then next procedure writes a system of primitive recursive equations for the extendedpolynomial f�, for function x :� y = [if x > y then x � y else 0] and accordingly for thefunction (f :� f�) + (f� :� f). The system of primitive recursive equations for the function(f :� f�) + (f� :� f) is forwarded to the procedure Q. If Q accepts (f :� f�) + (f� :� f) then itmeans that f � f�, therefore f is an extended polynomial, otherwise our procedure does not acceptf . If POLY returns an information that there is no extended polynomial f� which coincides withf on Detf ; then positively f is not an extended polynomial. Otherwise f in normal form shouldbe returned.(2 ! 1) Suppose the extended polynomial problem is decidable. Let P be a procedure accepting it.We are going to construct an algorithm to recognize the f � 0 problem. The algorithm constructedtakes a function f given by a set of recursive equations as its input. Function f is sent to theprocedure P which recognizes if f is an extended polynomial. If P does not accept f then surelyf 6� 0 since the function constantly equal to 0 is an extended polynomial. Therefore our algorithmdoes not accept f: If P accepts f then f is an extended polynomial. In this case we send f to theprocedure POLY to generate f� as a normal form of f . Then we examine if all coe�cients of f�are zeros or not. Accordingly our algorithm accepts f or not. 2Theorem 6.2 For a given primitive recursive function f it is undecidable to recognize whether ornot the function is constantly equal to 0:Proof. The proof is by reducing the Post correspondence problem to the f � 0 problem. For agiven Post system S = f(x1; y1); :::; (xk; yk)g over � = fa; bg; we construct a primitive recursivefunction fS(n) = [if n = 0 then 0 else gS(n)]; such that S has no solution if and only if fS isconstantly equal to zero. The function gS decides if the number n is a code of the solution of S :gS(n) = conm(�; �; n);where m = k + 1 andconm(x; y; n) = 8<: 1; if n = 0; and x = y0; if n = 0; and x 6= yconm(S1(n mod m) � x; S2(n mod m) � y; (n div m)); if n 6= 0where � stands for concatenation of words and S1; S2 are selectors de�ned by:S1(x) = 8>>>>><>>>>>: � x = 0x1 x = 1...xk x = k� x > k S2(x) = 8>>>>><>>>>>: � x = 0y1 x = 1...yk x = k� x > kAll functions used (mod; div; �) and de�ned above (fS ; gS ; conm; S1 and S2) are primitive recursiveones. The function conm used here maps the digits di of a base-m representation of a natural11



number n = d1:::dp into a series of Post pairs whose numbers are di: The base m is chosen as k+1;where k is the number of pairs in the Post system. Thus, each digit except zero represents a pair.Zero is simply skipped when scanning the digits. 2Example 6.3 Let us take a Post system S = f(aa; a); (ba; ab); (b; aba)g: For this system wede�ne: S1(x) =8>>>><>>>>: � x = 0aa x = 1ba x = 2b x = 3� x > 3 S2(x) = 8>>>><>>>>: � x = 0a x = 1ab x = 2aba x = 3� x > 3The sequence 312 is not a solution of the system S and we have gS(312) = con10(�; �; 312)= con10(ba; ab; 31) = con10(aaba; aab; 3) = con10(baaba; abaaab; 0) = 0 ) fS (312) =0: But gS(1231) = con10(�; �; 1231) = con10(aa; a; 123) = con10(baa; abaa; 12) =con10(babaa; ababaa; 1) = con10(aababaa; aababaa; 0) = 1 ) fS (1231) = 1: Thus Post sys-tem S has a solution 1231:Theorem 6.4 For a given primitive recursive function f it is undecidable to recognize whether ornot the function is lambda de�nable.Proof. By theorem 3.3 � de�nable functions are just extended polynomials. By theorem 6.1 deci-dability of identi�cation of extended polynomials is equivalent with the decidability of identi�cationof total 0 function. But according to theorem 6.2 this is undecidable. 27 Undecidability of �-de�nability in free algebrasIn this chapter we are going to extend the result of theorem 6.4 to �-de�nability in any in�nitefree algebra (see the section 3 about �-representability). The proof of undecidability of the �-de�nability is done by a simple reduction of the numerical primitive recursive function to someprimitive recursive function on given free algebra in a way that preserves �-de�nability.Let us assume that A is in�nite. Therefore the signature SA = (�1; :::; �n) of A must contain atleast one 0 and at least one positive integer. Otherwise A is either empty or �nite. Without lossof generality we may assume that �1 = 0 and �2 > 0. Hence let us take the signature of A asSA = (0; �2; :::; �n) where �2 > 0. Let us name the constructors of A by � of arity �1 = 0 and dof arity �2 > 0 and c3; . . . ; cn of arities �3; . . . ; �n respectively.De�nition 7.1 By lm(t) we mean the length of the leftmost path the expresion t in algebra A.lm(�) = 0lm( d(t1; . . . ; t�2) ) = 1 + lm(t1)lm( ci(t1; . . . ; t�i) ) = 1 + lm(t1)De�nition 7.2 Let us de�ne the translation of numbers to terms of algebra A by associating withn the full �2-ary tree nA of height n. 12



0A = �(n+ 1)A = d(nA; . . . ; nA)For any n it is obvious that lm(nA) = n:De�nition 7.3 Let us de�ne the primitive recursive function "tree" in algebra A by:tree(�) = �tree( d(t1; . . . ; t�2) ) = d(tree(t1); . . . ; tree(t1))tree( ci(t1; . . . ; t�i) ) = d(tree(t1); . . . ; tree(t1))It is easy to observe that for any term t in A and for the number n which is the leftmost depth ofthe term t tree(t) = nA which means tree(t) = lm(t)A:De�nition 7.4 De�ne the translation scheme for all primitive recursive functions on numbersinto the primitive recursive functions on algebra A. We associate with each primitive recursivenumerical function f the primitive recursive function fA on algebra A with the same arity. Thecoding is carried out by structural induction.Coding the zero function: for function f(~x) = 0 we de�ne fA(~t) = �. Coding succesor: for f(x) =x + 1 we de�ne fA(t) = d(tree(t); . . . ; tree(t)): Coding projections: for f(x1; . . . ; xk) = xi de�nefA(t1; . . . tk) = tree(ti). Coding composition: if f is given by: f(~x) = g(h1(~x); . . . ; hn(~x)) andgA; h1A; . . . ; hnA are already de�ned then fA(~t) = gA(h1A(~t); . . . ; hnA(~t)). Coding primitiverecursion: if f is given by f(0; ~x) = g(~x) and f(y + 1; ~x) = h(f(y; ~x); ~x) and functions gA; hA arealready de�ned then fA is de�ned by the recursion scheme in algebra A as:fA(�;~t) = gA(~t)fA(d(t1; . . . ; t�2);~t) = hA(fA(t1;~t);~t)fA(ci(t1; . . . ; t�i);~t) = hA(fA(t1;~t);~t)Lemma 7.5 For any primitive recursive numerical function f and for all expresions t1; . . . ; tkfA(t1; . . . tk) = (f(lm(t1); . . . ; lm(tk))AProof. Structural induction on primitive recursive functions. 2De�nition 7.6 Let �A be a type representing algebra A in typed �-calculus and let �N be the typeof Church numerals. We are going to de�ne �-terms CODE and DECODE of types �A ! �Nand �N ! �A; respectively, by:CODE = �tux:tx(�y1 . . .y�2 :uy1)(�y1 . . .y�3 :x) . . . (�y1 . . .y�n :x)DECODE = �nxpy3 . . .yn:n(�y:p y . . .y| {z }�2 )x13



It is obvious that for any number n 2N and for any term t in algebra A:CODEt = lm(t)DECODEn = nATheorem 7.7 For any primitive recursive numerical function f : Nk ! N; f is �-de�nable ifand only if fA is �-de�nable.Proof. Let f : Nk ! N be primitive recursive function, �-de�nable by a term F . De�ne a termFA of type (�A)k ! �A as:�t1 . . . tk:DECODE(F (CODEt1) . . . (CODEtk))We are going to prove that fA is �-de�nable by FA which means that fA(t1; . . . ; tk) = FAt1 . . . tkfor all expresions t1; . . . ; tk.FAt1 . . . tk = DECODE(F (CODEt1) . . . (CODEtk) by the de�nition= DECODE(F lm(t1) . . . lm(tk)) by equation in 7.6= DECODE(f(lm(t1); . . . ; lm(tk)) by assumption= f(lm(t1); . . . ; lm(tk))A by equation in 7.6= fA(t1; . . . ; tk) by lemma 7.5Let us assume now that function fA : Ak ! A is �-de�nable by the term FA. De�ne the termF by: �n1 . . .nk:CODE(FA(DECODE(n1) . . .DECODE(nk)):In order to prove �-de�nability of f we need to show that Fn1 . . .nk = f(n1; . . . ; nk) for all numbersn1; . . . ; nk:Fn1 . . .nk = CODE(FA(DECODEn1) . . . (DECODEnk)) by de�nition of F= CODE(FA(n1A) . . . (nkA)) by equation in 7.6= CODE((fA(n1A; . . . ; nkA)) by assumption= CODE(f(lm(n1A); . . . ; lm(nkA))A) by lemma 7.5= CODE(f(n1; . . . ; nk)A) by equation in 7.2= lm(f(n1 ; . . . ; nk)A by equation at 7.6= f(n1; . . . ; nk)A by equation in 7.2 2Theorem 7.8 �-de�nability in algebra A is undecidable if and only if A is in�niteProof. (() Suppose �-de�nability in algebra A is decidable. Prove that �-de�nability for primi-tive recursive numerical functions is decidable. Given primitive recursive function. Using codingfrom 7.2 one can produce the system of primitive recursive functions in A. Employing the hy-pothetical procedure one can decide if the coded system of primitive recursive functions on A is�-de�nable. Hence, using the observation from theorem 7.7 determine the �-de�nability of theprimitive recursive numerical functions we begun with.()) If A is �nite then every function is �-de�nable (see theorem 3.3 and [13]), hence the problemis decidable. 214
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