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Abstract

It has been proved by Loader [3] that Statman-Plotkin conjecture (see [7] and [5])
fails. The Loader proof was done by encoding the word problem in the full type
hierarchy based on the domain with 7 elements. The aim of this paper is to show that
the lambda definability problem limited to regular fourth order types is decidable in
any finite domain. Obviously A definability is decidable for 1,2 and 3 order types.
As an additional effect of the result described we may observe that for certain types
there is no finite context free grammar generating all closed terms. We prove also
that probability that randomly chosen fourth order type (or type of the order not
grater then 4 ) admits decidable lambda definability problem is zero.

1 Syntax of simple typed lambda calculus

We shall consider a simple typed lambda calculus with a single ground type
O. The set T of types is defined as follows: O is a type and if 7 and
i are types then 7 — p is a type. We will use the following notation:
if u,m,79,...,7, are types then by m, — m» — ... — 7, — pu we mean the
type m — (12 — ... — (7, — p)...). Therefore, every type 7 has the
foom 7, — ... — 7, — O. By a 7% — 1 we mean the type 7... — 7 —
O with k occurrences of type 7 (with 7% — u = p). If 7 has the form
m — ... > 7, — O, then 7; for © < n are called components of type 7
and are denoted by 7[i]. For any type 7 we define rank(r) and arg(r) as
follows: arg(O) = 0, rank(O) = 1 and arg(ry — ... — 7, — O) = n and
rank(m — ... —» 7, — O) = max;—;._, rank(r[i]) + 1. We define inductively
types T[i1, ..., k] by (T[i1, ..., ix_1])[ix] for 1 <y, < arg(rli1,...,15_1]).
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Definition 1.1 Type T is called reqular if rank(r) < 4 and every component
of T has arg < 1. This implies that only components allowed for reqular types

are O, O — O and (O* — O) — O for any k.

For any type 7 there is given a denumerable set of variables V(7). Any type
T variable is a type 7 term . If 7" is a term having type 7 — p and S is a type
7 term , then TS is a term which has type p. If T is a type p term and x is
a type 7 variable , then Ax.T is a term having type 7 — u. The axioms of
equality between terms have the form of 37 conversions and the convertible
terms will be written as T" =g, S. Term T is in a long normal form if T" =
Axy...2y.yTh.. T, where y is an x; for some 7 < n or y is a free variable, T} for
j < k are in a long normal form and y77...T} is a type O term. Long normal
forms exist and are unique for 57 conversions (compare [6]). A closed term is a
term without free variables. By Cl(7) we mean a set of all closed type 7 terms.
Let Y be a set of typed variables. By Cl(7,Y") we mean a set of all type 7 terms
such that any free variable of such termsisin Y. Let us introduce a complexity
measure 7 for closed terms. If T is a closed term written in a long normal
form and T = Azy..x,.2; then n(T) = 1. If T = Azy..xp.2;17... Ty, then
7(T) = maxj—y_(7(Az1...2,,.17;)) + 1. Complexity 7 is just the depth of the
Bohm tree of a given term. If yy, ..., y, are some occurrences of free variables
in term T then T'[y;/t1, ..., yx/tx] is a term obtained from T by replacement of
each y; be a term t; respectively. For more detailed treatment of typed lambda
calculus see [§].

2 Model of simple typed lambda calculus

A full type hierarchy {D,} er is a collection of finite domains, one for each
type. The whole hierarchy is determined by Dy. We assume that the set Do
is a given finite set and D,_,, is a collection of all functions from D, to D,,.
Therefore all D, are finite. Since any function f € D,_,, is a finite set, we
assume some sensible encoding of those functions as Godel numbers for their
graphs. An assignment ¢ is a function associating an object from one of the
domains with each variable of typed lambda calculus in such a way that the
type 7 variable is assigned an element from the domain D, . Any assignment
¢ can be extended to an interpretation V¢ of all terms in full type hierarchy.
A function V¢ is defined by:

(1) VO(x) = é(x)
(if) VTS) = VT)(V(S))
(iii) V?(A\z,.T},) is such a function from D, to D, that for each element X €

D, the value of this function is V¥(T'), where 1), is an assignment which
is identical to ¢ except that ¢(z) = X

It can be noted that any type 7 term is interpreted as an objects from D..
It is also easy to notice that interpretation V' on term 7' depends only on
the assignment ¢ on free variables in 7. Hence, closed terms have a fixed
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interpretation in the full type hierarchy. Function f € D, is called lambda
definable if there is a closed type 7 term T that is interpreted as f.

The lambda definability problem is a decision problem to determine whether
or not the given object f € |J,.p D is lambda definable. It was proved by
Loader that the problem is undecidable. For the particular type 7 the 7-
lambda definability problem is the decision problem to determine whether or
not the given object f € D, is lambda definable. In this case the type 7 is
not a part of the problem.

Definition 2.1 A function o : D" — D, is called X\ preserving function if
the following implication holds: if x1, ..., x, are lambda definable objects in D,
then a(xq,...,x,) is also a lambda definable object in D, .

Definition 2.2 We call {ay, ..., ap, 01, ...,ar} a X system in D, if ay,...,a,
are some A\ definable objects in D, and aq, ...,y are some A\ preserving
functions in D, of various arities.

Definition 2.3 By the closure of the A system {ay,...,ap, a1,...,ax} in D,
we mean the minimal set of objects in the domain D, containing elements
ai,...,ap and closed for all functions o, ...,ap. Obviously all objects in the
closure are A definable functions. The X system {ai,...,ap, 01, ..., } in D,
1s called X\ complete if the closure of the system consists of all A definable
objects in D, .

Lemma 2.4 For X\ system L = {ay, ..., ap, 01, ..., } the closure is effectively
constructible.

Proof. We are going to construct the closure just by iteration of \ preserving
functions. Let us define recursively sets D9, D1, ... by

(i) DY ={ai,...,a,}

(i) D' = Di U Uigjenlag(@, oy zp) s a1, sy, € D}
We are having a monotonic chain of sets of A definable objects in D,. D} C
Di C..C D, Since D, is finite, then there will be an index 7y such that
DY = Dg’“. Obviously DY is a closure of the system L. In the case when

the system is complete, the closure D"L0 consists of all A definable objects in
D.. O

3 Term grammars

Term grammars have been introduced in [9]. A more detailed treatment of
term grammars can be found in [§] or [I0]. A term grammar G is a triple
(V,P,S) where V is a finite set of nonterminals, each of which is a typed
variable, P is a finite set of productions, each of which is a pair (y,t) denoted
also as y — t, where y € V and t € CI(1,V), where 7 is a common type
for y and t. S is a special nonterminal symbol from V. A closed term 7' is
obtained from closed terms t; € 71, ...,tx € 7 by production y — t if there is
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exactly k occurrences of nonterminal variables ¥, ..., y; in ¢ which have types
Ti, ..., Ty respectively, such that T =g, t[y1/t1,...,yx/t]. By a derivation of
the closed term T" we mean a finite sequence of closed terms tg, ty,....t, =T,
such that for every term ¢; in the sequence either there is production y — ¢;
in grammar G ( which means that t; is a closed term ) or ¢; is obtained from
previous terms in the sequence by some production. Let us write y — T to
denote that T is obtained from some closed terms ¢y, ..., ¢, derivable in G by
production y — ¢t. By L(G,y) where y € V we mean the set of all closed
terms which are generated from y by grammar G, i.e. if y is type 7 variable
then L(G,y) = {t € Cl(1) : y = t}. Let us assume that y — ¢ is production
and vy, ...,y, are all free occurrences of nonterminal variables in the term ¢.
Let yer, y1 €1 ,..., Yo € T,. This production determines the function
a: Cl(m) X ... x Cl(1,) — CIl(7) defined by: a(ty,....tn) = tfy1/t1, ..., yx/t]
for every closed terms ¢, € Cl(m), ..., t, € Cl(7,). If there are no nonterminal
variables in the term ¢, then the production y — t determines a 0-ary function
(constant) ¢ which belongs to CI(7).

Example 3.1 Let 7 be a following type (O — O — O) — O) — (O — O).
Let us consider the following grammar ({y}, P,y). Types of auxiliary variables
used are the following p € (0,0 — O) — O and z,v,z € O. There are 4
productions in the set P.

(i) y — A\pzr.x
(i) y — A\pzr.p(Avz.ypx)
(iii) y — Apx.p(Avz.ypv)
(iv) y — Apz.p(Avz.ypz)
Let «, 3,7,0 be the functions determined by these productions respectively.

The closed term Apzy.p(Axsxs.p(Arsxs.p(Azer7.24))) of type T has the follow-
ing derivation sequence

(i) Apx.x

(i) Apz.p(Avz.x)

(iii) Apx.p(Avz.p(Azgz7.v)

(iv) Apz1.p(Azgws.p(Axsxs.p(Arex7.24)))

or the term can be presented as ((v(B(«))). It is easy to prove that this
grammar generates all closed terms of type 7 (compare [9] or theorem .

Theorem 3.2 For every type rank 3 type T there is a finite grammar with
one type T nonterminal variable which generates all closed type T terms.

Proof. Let 7 = 7[1],7[2],...,7[n] — O. It will be proved that the following
grammar ({y}, P,y) produces all closed type 7 terms. The grammar contains
exactly n productions which have the form:

(i) y — Azy..xp.; if arg(7[i]) =0
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(i) y — A\ey...xp.mi(yzy...xy)...(yxy...xy) if arg(r[i]) =k >0

It is easy to see that any term produced by the grammar has the type 7.
The reverse implication is by induction of the complexity 7 of closed terms.
Let us suppose that T is a closed type 7 term in a long normal form . If T’
is a projection Axy...x,.x;, then obviously it can be obtained directly by i-th
production. Suppose T" has a long normal form Ax;...x,.z;K;...K} for some
7[i] such that arg(7[i]) = k where K are type O terms. Let us define 77, ..., T}
by T; = Azy...x,.K;. Each term Tj is a closed type 7 term and is simpler with
respect to complexity m then the original term 7. Therefore by induction
closed terms 77, ..., T} are to be generated by the grammar . The term T
can be obtained from T, ..., T} by production (ii). O

Theorem 3.3 [see Zaionc [9]] For every reqular rank 4 type, such that there
is i < arg(t) such 7[i] = O, there is a finite grammar with one nonterminal
variable generating all closed type T terms. An illustration of this case is
presented in the example

Proof. Let 7 = 7[1],7[2],...,7[n] — O. Every 7[i] is one of the following
types: O, O — O or (O,...,0 — O) — O. Let us assume that 7[r] = O for
some r < n. We will prove that the following grammar ({y}, P,y) produces
all closed type 7 term. The grammar contains productions, one for each type
O and type O — O components and 1+ arg(7]i]) productions for each second
order component 7[i] = (O, ...,O — O) — O. The productions have the form:

Di Y — AT1... T T4 if 7[i]) = O

i Y — A1 T T (YT .0 T ifr[ij=0—-0

l; Y — AT1.. Ty (A21 ... 2p YTy ... T if 7[i] = (0P — O) = O
iy Y — AT1.. T i (A21.0 2p YT1 . Tp o1 21T g1 ) 1 T[)] = (OP — O) — O
G oargteiy ¥ — ALY T i (A21 .0 2p Y1 Bp o1 ZpTpg1.. Ty) 1 T[i] = (OP — O) — O

We can see that for any term Axy...x,. T in a long normal form where T' €
Cl(O,{xy...x,}) which has a regular type 7, there is at the most one occurrence
of type O variable among all x;...x,, which occurs free in 7. We are going to
prove that every closed type 7 term can be obtained by the grammar. Let
Axy...x,. T be a closed type 7 term.

(case 1) If T = xz; for some type O variable z; then Azj...x,.T can be
obtained by production p;.
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(case 2)  If T has the form ;S for some term S € CI(O,{z;...x,}) where
x; has type O — O, then the term Az;...x,.S has also type 7
and is simpler than Axy...x,.T" with respect to the complexity
measure m. Therefore by induction Az;...x,.S can be obtained
by the grammar. Hence our term Ax;...z,.T" can be obtained by
production ¢; from Az;...x,.S.

(case 3) If T has the form x;(A\z...2,.5) for some term S €
Cl(O,{x1...xn, z1...2,}) where z; has type (O* — O) — O
then Azy..2p21...2,.5 is the closed term with regular type
T[1],7[2],...,7[n],OP — O. According to what we note there
is at the most one occurrence of one type O variable among
Z1...Tp, 21...2, Which occurs free in S.

(case 3a) If the only type O variable which occurs free in S is z; for some
s < n, then Az;..x,.S is a closed type 7 term and is simpler
than T' with respect to the complexity measure w. Therefore by
induction Ax;...x,.S can be obtained by the grammar. Hence our
term Axi...x,. T can be obtained by production /; from Ax;...z,.S.

(case 3b) If the only type O variable which occurs free in S is z, for some
1 <s<p,then \zy..x,.252,41...2,.5 is closed type 7 term and is
simpler then 7" with respect to the complexity measure 7. There-
fore by induction Axi...r,zsx,.11...7,.5S can be obtained by the
grammar. Hence our term A\z;...z,.T" can be obtained by produc-

tion l;",s from the term Azy...x,.2,2,41...2,.5.
O

Theorem 3.4 [see Zaionc [9]] For every reqular rank 4 type, such that there
is no such i < arg(r) that T[i] = O, there is a finite grammar with two
nonterminal variables generating all type T closed terms.

Proof. Let 7 = 71,...,7, — O. Let us define 7/ = 7,...,7,,0 — O. The
new type 7’ satisfies the assumption of theorem therefore there exists a
grammar with one nonterminal type 7’ variable 3/, generating all closed terms
of 7. Let us add to the existing grammar the following additional productions:

Y — ATy Ty (Y21 ... 20 if 7[i] =0 — O

Y — A1 Ty k(A2 2p Y X0, 21) i T[] = (0P — O) — O

Y — AT (A2 2p Y X1y, 2,) i T[] = (0P — O) — O
The starting symbol for the new grammar is y. The proof of correctness of
this construction is similar to the proof of theorem [3.3] O
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4 Main result

Theorem 4.1 Suppose there is a grammar with exactly one nonterminal, type
T variable y , generating all closed type T terms. Then there exists effectively
a complete X\ system in D, for any full type hierarchy.

Proof. Let {D,},cr be a full type hierarchy built up from some finite set
Do. First we identify all productions y — ¢ such that there is no nonterminal
variable in t. For each such production p : y — ¢, term ¢ is a closed type 7
term. Let us evaluate ¢ in the full type hierarchy to find an object a, € D;.
Then let us identify all productions p : y — t[y, ...y] such that there are some
k > 0 occurrences of nonterminal variable y in ¢. For each such production
we will define a function a, : D;* — D.. Let p : y — t[y, ...y] be a production
with exactly & > 0 occurrences of nonterminal variable y in t[y,...,y]. Let
t1, ..., be given objects from D,. Let us define the term ¢[yy, ..., yx| obtained
by replacement of each occurrence of the free variable y by the new type 7
variables yi, ..., yx respectively. Now let us define a,(ty,...,tx) as an object
Ve(t{yi,...,y]) from D, where ¢ is an assignment associating y; with t; for
all ¢ < k. Therefore we have defined the function a, : D, — D_. All such
functions and such objects form the A system in D,. We need to prove that
such A system is complete. Suppose an object a € D, is X definable. We
are going to show that a belongs to the closure of the just constructed A
system. There is a closed A term T, interpreted as a. Term T, has a finite
derivation in the grammar G. If the length of the derivation is 1, it means
that T, is obtained from production y — T,. In this case interpretation of T,
is an a € D, which belongs to the A system. In the case the length of the
derivation for T, is longer than 1, T, is obtained from some previous terms
in the derivation sequence, let us say from Rq,..., R, by some production
p:y — t from the grammar. Let o, be a function a,, : D.* — D, associated
with the production p : y — t. Let by, ..., by be interpretations of closed terms
Ry, ..., Ry in D,. By induction we assume that by, ..., by belong already to the
closure of the A system. From the construction of the A system it follows
that a = f,(b1,...,b). So a € D, also belongs to the closure. O

Theorem 4.2 For any rank 3 type T or for any regular rank 4 T for which
there is i < arg(t) such that T[i] = O the A\ definability problem is decidable
i full type hierarchy built up from any finite set Do.

Proof. Given is an object f € D,. For type 7 there is effectively a finite
grammar with exactly one nonterminal variable generating all closed type 7
terms . The following procedure applies. First we find the grammar ( theorem
,[3-3) which generates all closed type 7 terms . Then having the grammar
we construct the A system using procedure described in theorem The

A system formed from such grammar must be complete ( theorem ).
Finally, we find the closure of this system (lemma which consists of all
A definable objects in D,. Then we check whether or not the given function
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f € D, belongs to this closure. O

Theorem 4.3 Let 7 be a reqular rank 4 type such that there is no such i <
arg(T) that 7[i] = O. The X\ definability problem for T is decidable in full type
hierarchy built up from any finite set Do .

Proof. Given is an object f € D,. Suppose 7 = 7[1],...,7[n] — O. Let us
define a new type 7’ as 7[1],...,7[n], O — O. Type 7’ satisfies assumptions of
theorem and therefore there is a finite grammar with exactly one nonter-
minal variable 3’ generating all closed type 7’ terms. Using theorem we
construct effectively the finite set D2, of all A definable objects in D,.. To
generate closed type 7 terms we add additional productions

(1) y— Ary.zpxi(yry...xy,) if 7[i] =0 — O
(2.1) y— Aryxn.2(A2 gy Ty xy, 21) T[] = (0P — O) — O

(2.p) Yy — Ar1.. 202 ( A2y 2 Y T T, 2p) T[] = (0,...,0 = 0) = O

Any type (1) production defines the unary function « : D, — D, in the
usual way (see theorem 4.1). Productions 2.1 - 2.p define p unary functions
61:D. — D.,..,3,: D. — D.. The following procedure applies. First find
the image I of D) by all functions 3, ..., 3,.

I = U1§i§p 5@‘(D¢')
Then let us find the closure of the set I in D7 with respect to all functions
a (see lemma 2.4 ). This closure is a set of all A definable functions in D, .
Finally, we check whether the given function f € D, belongs to this closure.

The proof of correctness of this procedure is identical with the proof of theorem
42 O

Theorem 4.4 X\ definability problem is decidable for all rank 1, 2, 3 types
and for reqular rank 4 types.

Proof. For the rank 3 and regular rank 4 types see theorems[4.2)and .3 For
the type O of rank 0 the A definability problem is trivial since there is no A
definable objects in Dy. For rank 2 types the problem is decidable since for
such types there are only finite number of closed terms. O

Theorem 4.5 \ definability problem is undecidable for any non reqular rank
4 type.

Proof. Proof is based on the observation that the type L = ((O — O) —
0O) — (O - (O — O) — 0O) is the simplest non regular type of rank 4.
Therefore by simple lambda definable coding I can be embedded to any non
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regular type of rank 4. But the A definability problem is undecidable for L
(see [1]) . O

Example 4.6 Let us consider the full type hierarchy built from the set Dy =
{0,1}. The problem is to find all A definable elements in the set D, for type
7 of Church’s numerals (O — O) — (O — O). Let us name 4 elements of the
set Do_.o respectively by a, b, c and d, where those are given by the following
true table:

0 1
70 0
b0 1
c|1l O
dl1l 1

The set D, consists of 256 functionals. The grammar for generating all
Church’s numerals is the following: (see theorem [3.2)).
(i) y — Auz.x

(i) y — \uz.u(yux)
The A system {ag,a} associated with the grammar consists of one lambda
definable object ag, which is an interpretation of the term Aux.r, and one
unary function o which is an interpretation of the production y — Auz.u(yuz).
Object ag is given by the true-table.

apg={a—b,b—b, ¢c—b, d— b}
It can be found easily that the value of o on the object ag is another object
a; given by:

ap={a—a, b—b c—c, d—d}
The value of o on a; is a new object, let us say as given by:

ay={a—a, b—b c—b, d—d}

Since the value a(as) = a; we have found all lambda definable functionals
{ao, a1, as} among all 256 elements of D,. In fact the object a; is an interpre-
tation of all odd Church’s numerals and as is an interpretation of all positive
even Church’s numerals. The object aq is the interpretation of Church’s zero.

Theorem 4.7 As a trivial side effect of the result described in theorems
and [{.5 we may observe that there is no finite grammar generating all closed
terms for any of non reqular rank 4 types.
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5 Probabilistic approach

In this section we will consider probability of the fact that randomly chosen 4
order type has decidable lambda definability problem. So we investigate the
size of the fraction of number of types of the given length n in which the A
definability problem is decidable in full type hierarchy against the number of
all types of length n. We are specially interested in asymptotic behavior of
this fraction. Our interest lays in finding limit of that fraction when n — oo.
If the limit exists it represents the real number between 0 and 1 which we may
call the density of decidability. We prove that rank 4 types with decidable A
definability problem are asymptotically empty meaning that the limit of that
fraction is 0.

First we have to establish the way the length of types are measured.

Definition 5.1 By ||7|| we mean the length of type T which we define as the
total number of occurrences of atomic type O in the given type. Parenthesis
which are sometimes necessary and arrow sign itself are not included in the
length of type. Formally, ||a;|| =1 and ||¢p — || = ||6]| + ||| -

Definition 5.2 We associate the density u(A) with a subset A C T of types
as:

(1) u(A) =

if the limit exists.

L #Hre Al =n}
n—00 #{7‘ eT: ||T|| = n}

The number u(A) if exists is an asymptotic probability of finding type from
the class A among all types or it can be interpreted as the asymptotic density
of the set A in the set of types. It can be seen immediately that the density
w is finitely additive so if A and B are disjoint classes of formulas such that
w(A) and p(B) exist then u(AUB) also exists and u(AUB) = u(A)+pu(B). Tt
is straightforward to observe that for any finite set A the density u(.A) exists
and is 0. Dually for co-finite sets A the density p(A) = 1. Nevertheless the
density p is not countably additive.

5.1  FElementary Counting of Types

In this section we present some properties of numbers characterizing the
amount of types of different ranks. We may observe that many results and
methods could be rephrased purely in terms of binary trees with given prop-
erties. Obviously any type of size n can be seen as a binary tree with n leaves.
More advanced type counting can be found Moczurad, Tyszkiewicz, Zaionc
[4]. See also Kostrzycka and Zaionc [2] and [I1].

Definition 5.3 By F]!' and G} we mean respectively the total number of types
of rank k and size n and the total number of types of rank < k and size n so:

(2) F=#{o€eT:|¢|=n},
3) Gi=#{¢eT: ¢l <nj.
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Lemma 5.4 F}' and G} are given by the following mutual recursion:

(4)  F'= ifn=1then 1 else0
(5) GY=ifn=1then1 else0

6) Fry=> FG+) GiF
=0 =0
(7) ZH = GZ + FI?Jrl

Proof. The equality [] and [5] are obvious since the type O is the only one of
size 1. Recursive equation [7]is obtained directly from the definition of rank in
section (I The type 7 — p has rank k + 1 either when 7 is exactly of rank &
and rank of p is < k or when rank of 7 is < k and rank of y is exactly k + 1.
This leads to the recursive equation [6] g

5.2 Generating functions

We are going to use the generating function technique for proving the asymp-
totic behavior of appropriate fractions. For the purpose of counting for every
k > 1 we define the pair of generating functions fi(z) = > .2, Fjz" and
ge(2) = 220 Gi2"

Lemma 5.5 Functions fr and g, satisfy the following recursive definitions:

(8) fk+1(x) = %

(9) gr1(2) = ge(x) + frra(2)

Proof. By simple encoding of [4] [5] [6] and [7] we get equations
(10)  fi(x)
(11)  gi(=)
(12) fir1(2) = fi(@) g (x) + g1 (2) fra (2)
(13) gr1(x) = ge(x) + frsa(2)

Solving it proves the lemma O

=X
T

Theorem 5.6 Let R C T be a set of all reqular types of rank 4. Let R, be
the number of elements of R of size n. The generating function fr for the
sequence R, s

JIS

(1—-2z)(1 —x — x?)

fr(z) =

Proof. We start with counting regular types of rank not greater then 3. Let
L,, stands for the number of such types of size n. Obviously we get Ly =
0, L; =1 and moreover L, = L, 1 + L,_5 since any regular type of rank not
greater then 3 must be of either of the form O — 7 or (O — O) — 7 for some
shorter regular type 7. As we can see L, forms the sequence of Fibonacci
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numbers. Therefore the generating function f;, for the sequence L,, is
1
fr(z)

1—x—ax%
By generic regular fourth order types we mean any type of the form ((O* —
O) — O) — 1 for some regular type 7 of rank not greater then 3 and for some
k > 1. Let G, stands for the number of such types of size n. Since for every
k > 1 there is exactly one type of the form ((O* — O) — O) the generating
function fg for the sequence G, must be

fG<$> _ 3 3

x
T e =g oa ==
Finally we observe, that any regular fourth order type type is either generic
regular forth order type or can be obtain from other shorter regular type 7
of rank 4 by the construction O — 7 or (O — O) — 7 or ((OF — O) —
O) — 7. Let R, stands for the number of all regular forth order types of
size n. Therefore R, has to satisfy the following recursive equation R, =
G, + Zzz?fl R;. This can be translated in to equation for the generating

function fr namely fr(z) = fo(z) + xff_(i). H

Theorem 5.7 The density of rank 4 types with decidable X definability prob-
lem among all rank 4 types is 0.

Proof. It is enough to find the closed form for generating functions involved.
Namely for all rank 4 types the function calculated from equality [§] is
4
fa(@)

B x
1 — b5z + 722 — 223

Which can be easily turned into power serious O <(%§) ) The closed form
term for the function fr(z) enumerating regular 4 order types returns rate of
Fibonacci numbers namely O ((%5) ) O

It doesn’t help much to add all third order types for which we know the lambda
definability problem is decidable. Undecidability have again a dominating
factor.

Theorem 5.8 The density of types of rank < 4 with the decidable X\ defin-
ability problem among all types of rank < 4 is again 0.

Proof. It is enough to find the closed form for generation functions involved.
For all rank < 4 types the function is
xr — 2°

WO =g

n
The respective power serious is again O ((%) ) Function g3 obtained

from equality |§| is ¢ - . The closed form term for the function fr(x) +

1-2z)(1—x)
g3(x) enumerating regular 4 order types plus all third order types returns rate

of O(2"). O
12
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